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ABSTRACT. Computing the isotopy type of a hypersurface, defined as the positive real zero
set of a multivariate polynomial, is a challenging problem in real algebraic geometry. In this
paper, we focus on determining the number of possible isotopy types of such hypersurfaces when
the defining polynomial has prescribed exponent vectors and the signs of the coefficients are
also fixed. For such a signed support, Viro’s patchworking provides a polyhedral object that
has the same isotopy type as the hypersurface for some choice of the coefficients. We present
properties of the signed support that ensure all possible isotopy types can be obtained by Viro’s
patchworking. To prove this, we study the signed reduced A-discriminant and show that it has
a simple structure if the signed support satisfies some combinatorial conditions.
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1. INTRODUCTION

Tropical geometry bridges the worlds of algebraic and polyhedral geometry. The key idea
is to transform algebraic varieties into polyhedral objects, turning their algebraic structure
functorially into a combinatorial structure. This approach has been fruitful in the case of varieties
over algebraically closed fields [15, 20]. Recently, the tropicalization of algebraic varieties over
the real numbers (or more generally over real closed fields) has received increasing attention
[4, 5 16, 26, 28].

In the early 1980s, Oleg Viro showed that it is possible to associate a polyhedral complex
with a parametrized polynomial in such a way that there exists some choice of coefficients such
that the polyhedral complex and the positive real zero set of the polynomial with that choice of
coefficients have the same isotopy type [30]. This result is known as Viro’s patchworking in the
literature and was one of the first examples of tropical geometry.

Classifying the isotopy type of real hypersurfaces is a challenging question in real algebraic
geometry, tracing its origins to Hilbert’s 16th problem [31]. In his original formulation, Hilbert
asked for a classification of isotopy types of plane real algebraic curves. Based on his patchwork-
ing method, Viro provided such a classification for curves of degree 7 [29].

Using Viro’s method, under certain conditions, one can determine the possible isotopy types
for hypersurfaces defined by the positive roots of polynomials of the form f(z) =3, . 4caz?,
with the ¢, real and nonzero for all a € A. We call A the support of f, let e= (g, | a€ A) € {£1}4
denote the vector of signs of the coefficients ¢,, and call the pair (A, €) the signed supportof f. To
know whether one can build all possible isotopy types for a given (A, ¢) via Viro’s patchworking
one must first understand how the isotopy type of a hypersurface changes while varying the
coeflicient vector ¢. We will abuse notation slightly by calling €, the sign of the exponent vector
a when the underlying polynomial and support are clear. Hence we will sometimes speak of
positive or negative exponents in this sense.

It is known that using discriminant varieties, one can decompose the coefficient space into
a disjoint union of open connected sets — called chambers — such that in each chamber the
topological type of any corresponding hypersurface is constant [2, [13]. More specifically, such
a chamber decomposition is given by connected components of the complement of the union of
the signed A-discriminants V 4, ., for the faces F' of Conv(A). In [23], a reduced version of
the signed A-discriminant, denoted I';(A, B), was introduced. The complement of the union of
the signed reduced A-discriminants has the same property as its non-reduced counterpart, but
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has the advantage of reducing the number of parameters. We will review these constructions in
Section

When considering chambers (reduced or non-reduced), there will sometimes be chambers
where the isotopy type of the hypersurfaces can not be obtained by Viro’s patchworking (see,
e.g., [10, Example 2.9] and [2, Theorem 7.8]). These chambers are called inner chambers, and
reduced inner chambers are usually bounded sets.

Our main goal is to give conditions on the signed support (A, €) enabling Viro’s patchworking
to find all isotopy types, i.e., conditions that obstruct the existence of inner chambers. For
instance, we show that the signed A-discriminant is empty if and only if the exponent vectors in
A with positive signs can be separated from those with negative signs by an affine hyperplane
(Theorem . In that case, all hypersurfaces with signed support (A, €) have the same isotopy
type, and the isotopy type can be obtained by Viro’s patchworking. Moreover, for a given set
of exponent vectors A, we give an upper bound on the number of sign distributions ¢ € {:tl}“‘l
such that the signed support (A, ) does not have a separating hyperplane (Proposition .

As we will see, it will be convenient (and natural) to assume Conv.A has dimension n and
cardinality n + k + 1, and then consider k£ as a measure of the complexity of the resulting family
of isotopy types. The special cases k € {0,1} are addressed in [37 |, so we will contribute to
the case k=2: We show that the complement of the signed reduced A-discriminant has exactly
two connected components if A contains exactly one negative exponent vector (Theorem
or if the positive and the negative exponent vectors of A are separated by an n-simplex in a
certain way (Theorem . Under the additional assumption that the signed A-discriminants
associated to proper faces of Conv(A) are empty, one can use Viro’s patchworking to find all
possible isotopy types (Corollary .

Signed supports with a separating hyperplane or a separating simplex have previously been
studied in [8]. In that work, the authors used these conditions to show that the set of points
where the polynomial takes negative values has, at most, one connected component.

For n = 2 and A consisting 5 points, we show that if the negative and positive exponent vectors
are separated by two pairs of affine lines (Theorem7 then the complement of I'; (A4, B) has at
most two connected components, which are unbounded. In Section [5] we study further bivariate
5-nomials and show that for a bounded chamber to exist in the complement of I'. (A, B), the set
of exponent vectors must satisfy very restrictive inequalities, see Theorem and Remark

We will work in the more general context of exponential sums on R"”, instead of polynomials
on R%,, and this will in fact simplify some of our arguments. Note that any real polynomial
can be transformed into a real exponential sum while preserving topological properties of the
corresponding zero sets: Any polynomial f: R%; — R give rise to an exponential sum R" —
R, (z1,...2,) — f(e™,...,e"). Since the map Exp: R" — R, (z1,...2,) — (e*',...,e"")
is a homeomorphism, two subsets of RZ have the same isotopy type if and only if their images
under Exp have the same isotopy type.

Notation. For two vectors v,w € R™, v - w denotes the Euclidean scalar product, and v * w
denotes the coordinate-wise product of v and w. The transpose of a matrix M will be denoted
by MT. We denote the interior of a set X C R” by int(X). If X C R" is a polyhedron, relint(X)
denotes the relative interior of X. By #S5 we denote the cardinality of a finite set S. For a
differentiable function f: R™ — R™, the Jacobian matrix at x € R" is denoted by Jy(z).

2. PRELIMINARIES

2.1. Signed support of an exponential sum. Let A = {aq,...,au1k+1} € R” be a finite
set. We think about the elements of A as the exponent vectors of an exponential sum:
n+k+1
(1) fe: R" =R, zw— fox)= Z cie",
i=1

where ¢ € (R\ {0})"**+1. We call e = sign(c) € {£1}"**+1 a sign distribution, and (A, <) a
signed support. For a fixed order of the exponent vectors a, . . ., ap1 k11, there is an isomorphism
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between the vector spaces R4 =2 R"tF+1 We might use these two notations interchangebly. For
a fixed sign distribution e € {+1}" T+ we write

RA = {c € R* | sign(c) = e}.

for the orthant in R4 containing the coefficients matching the signs given by e.
We split the support set A into the sets of positive and negative exponent vectors, that is, we
define

.A+::{Oéi€./4|€i:1}, A7::{Oéi€./4‘€i:—1}.

We call A full-dimensional if Conv(A) has dimension n. For a set S C R", we denote the
restriction of f. to S by

fasiR" =R,z fo(z) = > ce™™.
a;€ANS

Furthermore, we set Ag := AN S, and define g to be the sign distribution containing the signs
corresponding to the elements in Ag.
The real zero set of f. is denoted by

Z(fc) = {SU eR" | fc(x) = 0}

We are interested in the possible isotopy types of Z(f.) when ¢ € R"**! varies over all coef-
ficients such that sign(c) = . Two subsets Zy, Z1 C R™ are isotopic (ambient in R™) if there
exists a continuous map H: [0,1] x R” — R", called an isotopy, such that

e H(t,-) is a homeomorphism for all ¢ € [0, 1],

e H(0,-) is the identity on R"™,

o H(l,Zo) = Zl.
Being isotopic gives an equivalence relation on subsets of R™ [I8, Chapter 10.1], which allows us
to talk about their isotopy types.

2.2. Viro’s patchworking. Viro’s patchworking method provides possible isotopy types of
Z(f.), c € RA for a fixed signed support (A,e). In this section, we recall this method. We
follow the notation used in [7].
Let A= {a1,...,nix11} C Z" be a finite set and h € R"*+1. We consider the lifted points
.Ah = {(Ozi,hi) € R+ | o; € .A}
A face F C Conv(A") is called an upper face if there exists a vector (vg, 1) € R™*! such that
F={ze Conv(A") | (vp,1) -z > (vp,1) -y for all y € Conv(Ah)}.

For a generic choice of h € R"#+1 each upper face F C Conv(A") contains exactly n+ 1 points
of A". The projection of upper faces of Conv(A") onto R™ gives a polyhedral subdivision P of
Conv(A). If h is generic, each polyhedron in P is a simplex.

The tropical hypersurface associated to A and h € R# is defined as

Trop(A,h) :={v€R"| max 1(1} - + hy) is attained at least twice. }.
i

=1,...,n+k+
It is dual to the (n — 1)-skeleton of the subdivision P induced by h. For a sign distribution
e € {£1}4, we define the signed tropical hypersurface

Trop. (A, h) := {v €R"| max 1(1} - + h;) is attained for some o € Ay and o € A_}.

i=1,....,n+k+

Example 2.1. Consider the following set of exponent vectors

R A )
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Trop.(A,h)

(a) ()

FIGURE 1. (a) Upper convex hull of the lifted points from Example[2.1and the induced
polyhedral subdivision. (b) Signed tropical hypersurface associated to the points in (a).

the sign distribution ¢ = (1,1,1,—1,—1) and h = (5,4,4,5,5). The upper faces of the convex
hull of the lifted points

5 4 4 5 5
Ah:{0,1,0,4,1},
0 0 1 1 4

are shown in Figure [I{a). The induced subdivision of Conv(A) contains 3 triangles, 7 edges,
and 5 vertices. The tropical hypersurface Trop(.A, k), which is dual to the 1 skeleton of the
subdivision, contains 3 vertices and 7 edges. We depicted Trop(A,h) and the signed tropical
hypersurface Trop, (A, h) in Figure [1j(b).

Viro’s patchworking is usually stated for polynomials and their zero sets in the positive orthant
RZ, however using the coordinate-wise exponential map Exp: R" — RZ it possible to translate
Viro’s theorem to exponential sums.

Theorem 2.2. [30/[13, Ch.11 Theorem 5.6][15, Theorem 2.19] Let (A,¢e) be a signed support
such that A C Z"™ and let h € RA be generic. Fort € R, consider the exponential sum

n+k+1
g R" >R, z+— g giehite®i® g,
=1

Then the signed tropical hypersurface Trop.(A, h) is isotopic to Z(g¢) for t > 0 sufficiently
large.

2.3. Signed A-discriminant. The goal of this subsection is to recall the notion of the A-
discriminant from [2| 13} 23]. Let f. be an exponential sum as in . A point z € R" is a
singular zero of f. if and only if

_Ofe(x) __ Ofe(x) _

®) fule) = A O

We denote the set of singular zeros of f. by Sing(f.). For a fixed signed support (A, €), we define
the signed A-discriminant as

Ve = {ceR!|Sing(f.) #0}.

Thus, V 4. contains all coefficients ¢ € Rg“ such that the exponential sum f. has a singular zero
in R™.

For the sake of completeness, we recall that the signed A-discriminant does not change under
affine transformations of the exponent vectors.
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Proposition 2.3. Let f. be an exponential sum with support A = {a1,...,nipr1} CR™. For
an invertible matriz M € R™ "™ and v € R™ consider the exponential sum
n+k+1
go: R" 5> R, x— gc(x) = Z Cie(MCYH-v)'ac.
i=1

Then we have:
(i) If det(M) > 0, then the hypersurfaces Z(f.) and Z(g.) are isotopic.
(ii) Sing(fc) = M Sing(gc).
(iii) For all € Sing(g.) the Hessian matrices Hessy, (M "x) and Hess,, (x) have the same
number of positive, negative and zero eigenvalues.

Proof. Note that g.(x) = e f.(M "z) for all z € R™. Since e”* # 0, we have

n+k+1
Z(ge) = Z(fo(M"2)) = {x € R" | Z et MTe) = o}

i=1
(4) n+k+1

={MT) 'y eR"| Y eV =0} = (M) Z(f.)
=1

Since the group of invertible real n x n matrices with positive determinant is path-connected
(see, e.g.,[33] Thm. 3.68, Pg. 131), there exists a continuous path from the identity matrix to
(M T)~!, which induces an isotopy. This shows (i).

Applying the product and the chain rule from calculus, we have

Jy(x) = v fo(MTx) + e”'foc(MTa:)MT.
Using and that M is invertible, for x € Z(g.) it follows that J, () = 0 if and only if
J7.(MTx) =0, which implies (i).
For the rest of the proof, we assume that = € Sing(g.). From [25, Corollary 1] it follows that
Hess,, (z) = €""M Hessy (M "2)M .

Thus, Hessg, (z) and Hessy, (M " x) have the same number of positive, negative and zero eigen-
values by Sylvester’s law of inertia [22], Chapter 7].
|

Corollary 2.4. Let (A, e) be a signed support, M € R™ ™ an invertible matriz and v € R™. For
MA+v={Ma+v|ac A}, we have

V.A,E = VMAJrv,s-
Proof. The statement follows directly from Proposition (ii). O

Remark 2.5. Using Proposition [2.3] one might transform any full-dimensional support A C R"
to a support containing the standard basis vectors ey, ..., e, € R™ and the zero vector without
changing the isotopy types of the corresponding hypersurfaces.

To be more precise, from dim Conv(.A) = n it follows that A contains n+1 affinely independent

vectors ai,...,au 1. Thus, there exists an invertible matrix M € R™ ™ such that M(ay —
Qp+1) = €1,..., M(ay — ant1) = en. If det(M) < 0, we change the order of aq,...,a, such
that the corresponding matrix M has positive determinant. For v := —May,41, the affine linear

map L: R" — R", a — Ma + v satisfies {0,e1,...,e,} C L(A).

For each face F' C Conv(A), we define V 4, ., in a similar way, and set

Rsn+k+1 ’ (

@AF,EF = {(Cozi)i:L..‘,n-l-k-‘rl S Cai)aiEAF S VAF,EF}'

In [2], the authors proved the following statement regarding the topology of hypersurfaces
corresponding to different connected components of the complement of the union of the signed
A-discriminants V 4, ..
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Proposition 2.6. [2, Proposition 2.9] Let (A, ) be a full-dimensional signed support such that
ACZ" If c and ¢ are in the same connected component of

R? \ ( U @AF@F)7
FCConv(A) a face
then the zero sets Z(f.) and Z(f») are homeomorphic.

Finding the defining equalities of the signed A-discriminant is challenging, but an explicit
parametrization is much simpler to find. First, let diag(c) denote the #.4 x #.A diagonal matrix
with (a, a)-entry ¢, and let us rewrite the equalities in as:

(5) Adiag(c) (e )i:l’_“’m+1 = A, diag(|c]) (e >i:1,...,n+k+1 —0,
where the matrix A is given by
(6) A= [ L. 1 ] e R+ x(ntk+1)

a1 .. Okl ’

e =sign(c) € {£1}"F 1 and A, = Adiag(e). We refer to the equation system (B)) as the critical
system of (A,¢e). Note that the assumption dim Conv(A) = n is equivalent to rk(A) = n +1
[B5]. If rk(A) = n + 1, the kernel of A has dimension k, which is usually called the codimension
of A.

If x € R™ is a singular zero of f., then diag(c) (eo‘i'l’)

A

=1kl © ker(A). Choose a basis

of ker(A) and write these vectors as columns of a matrix B € R(*tk+1)xk Qych a choice of B
is called a Gale dual matriz of A. With slight abuse of notation, we might call B a Gale dual
matrix of A. Since im(B) = ker(A) for each € Sing(f.) there exists A € R¥ such that

) BA = diag(c) (™)) g1

Since e®'* is positive for all x € R™ and all a1, ..., k1, the signs of the vector in (7)) are
given by sign(c) = . Therefore, it is enough to look at the set

Cpe = {/\ € R* | sign(B)) = E}.

X

We define the signed Horn-Kapranov Uniformization map as
(8) P: Cpe x R™ — RVFFFL (X ) s BAx (27 (79
where * denotes the point-wise multiplication of two vectors.

Proposition 2.7. Let (A, ¢) be a full-dimensional signed support with Gale dual matrix B. For
the signed Horn-Kapranov Uniformization map , it holds that

1m(1/1) = V.A,a-
Proof. If ¥(A, z) = ¢, then

Adiag(c)(e™™) = A(B)\ * (e 7F) = ABX=0,

;T
i=1,..n+k+1 i=1,ntk+1 " (e )i:l,...,n+k+1>

which implies that = € Sing(f.) and therefore ¢ € V 4.
On the contrary, if ¢ € V 4, then there exists a point « € Sing(f.). From follows that
there exists A € Cp . such that ¢(\,z) = c. O

The signed A-discriminant lives in an ambient space of dimension n+k+ 1. Following [23], we
reduce the dimension of the ambient space to k by quotienting out some homogeneities without
losing essential information as follows. We define the signed reduced A-discriminant T'z(A, B)
[23, Definition 2.5] to be

(A, B) := BT Log|V.al,
where Log is the coordinate-wise natural logarithm map and |-| denotes the coordinate-wise
absolute value map. In [23], bounded (resp. unbounded) connected components of R¥\T'.(A, B)
have been called signed reduced inner (resp. outer) chambers.
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Theorem 2.8. [23, Theorem 3.8.] Let (A, <) be a full-dimensional signed support with Gale dual
matriz B and let ¢,¢ € RA. If BT Log|c| and BT Log|c/| are in the same connected component

of

RF\ ( U BT Log|V apepl),
FCConv(A) a face

then the zero sets Z(f.) and Z(fy) are ambiently isotopic in R™.
The signed reduced A-discriminant admits a parametrization as well.

Proposition 2.9. Let (A, <) be a full-dimensional signed support with Gale dual matriz B. The
image of the map

(9) e Ce = RY, A BT Log|B)|
is the signed reduced A-discriminant T'-(A, B).

Proof. Let pr,: Cpe x R" — Cp, be the natural coordinate projection and i be the signed
Horn-Kapranov Uniformization (8). For every (A, z) € Cp. x R", we have

(A z) = BT Log|BA* (e "),y niri1] = B Log|BA — BT ATz = ¢p.()),

where the last equality holds, since AB = 0. Thus, the following diagram commutes

Log||
Cpe x R" ¥ RA-+Hk+1 RP+k+

(10) lprk lBT

EBE

CBe . R

which gives that
im(¢p,e) = im(¢pe o pry) = im(B' o Logl-|o¢) = B Log|Vae| = T=(4, B),

where the first equality holds since pry, is surjective, and the second-to-last equality follows from
Proposition 2.7} O

Since the first row of the matrix A is given by the all one vector 1 € R"t5+1 we have BT1 = 0,
which implies that the map {p . is homogeneous, i.e. for all a € R:

¢g-(a)) = B' Log|B(a\)| = log(|a|)B™1 + B" Log|BA| = B Log|B\| = ¢ (\).
Thus, one could projectivize the domain Cp . C RF of §Be-

Remark 2.10. Modifying a Gale dual matrix using elementary column operations gives another
choice of Gale dual matrix. Thus, one can assume without any restriction that the last row of
the Gale dual matrix B has the form B, ;11 = (0,...,0,—1). Such a choice of B fixes the sign
Entk+1 = —1. Since Z(f.) = Z(f-.), we can always fix one of the signs of the coefficients.

Since £p . is homogeneous, one can replace R¥ (assuming B, xy1 = (0,...,0,—1)) by the
upper half of the (k — 1)—sphere

Cror ={AeRF A =1, A > 0},
or by the (k — 1)—dimensional affine subspace
ANeRF A =1L

In Section [ we will prefer this latter choice and work with the map

(11) €t {n R [sign(B m) —c} +R" A BT LoglB m .
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-0.2 0 0.2 0.4 0.6 0.8 1

(c) (d) (e)

FIGURE 2. (a) Signed support from Example The positive and negative exponent
vectors are depicted by red circles and blue dots respectively. (b) Signed reduced A-
discriminant of the signed support in (a). (c¢)(d)(e) Hypersurfaces Z(f.) corresponding
to different connected components of the complement of the signed reduced A-
discriminant.

Example 2.11. To give an illustration of the signed reduced A-discriminant, we recall [10,
Example 2.9]. Consider the same set of exponent vectors as in Example

o asfoefl. e f] e f] [ - [])

Unlike in Example here we consider the sign distribution ¢ = (-1,1,1,—-1,-1). We
depicted the signed support (A,¢) in Figure (a). Since A has codimension 2, the signed
reduced A-discriminant T'.(A4, B) is in the plane R2. For an illustration we refer to Fig-
ure 2b). The complement of T'-(A4, B) has 3 connected components. For the coefficient vectors
c=(-1,6,3,—1,-1),(-1,1,1,-1,-1),(=1,0.5,1, =1, —1), their projection B" Log|c| lies in dif-
ferent connected components of R2\I'.(A, B). The corresponding hypersurfaces Z( f.) are shown
in Figure [2{(c),(d),(e) respectively.

One remarkable property of this particular signed support is that the isotopy type of the
hypersurface in Figure (d), corresponding to the coefficient ¢ = (—1,1,1 — 1,—1), cannot be
obtained by Viro’s patchworking (cf. Theorem . All possible signed tropical hypersurfaces
Trop.(A, h), with h € RA generic, consist of 2 unbounded connected components, but the
hypersurface Z(f.), ¢ = (—1,1,1 — 1,—1) has 3 connected components, one bounded and two
unbounded.

2.4. Some useful results from topology. In the proof of Proposition we need some
classical results from topology. Let us also introduce these briefly here (see, for example, Chapter
I.11 & Chapter IV.19 in [6]).

Lemma 2.12. Suppose that X andY are locally compact, Hausdorff spaces and that f: X =Y
is continuous. Let X be the one-point compactification space of X. Then f is proper (i.e., the
preimage of any compact subset is compact) <= f extends to a continuous map fT: Xt = YT
by setting fT(cox) = ooy.
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Lemma 2.13. (Jordan-Brouwer Separation Theorem) If f: S"~1 — S™ (where S™ denotes n-
sphere) is an injective continuous map, then S™ — f(S"~1) consists of exactly two components.
Moreover, f(S"™1) is the topological boundary of each of these components.

Corollary 2.14. If f: R* — R"*! s injective, continuous and proper, then R*"*1 — f(R")
consists of exactly two unbounded components.

Proof. Note that the one point compactification of R™ is S™. By Lemma f can be extended
to f+: 8" — S" with f*(00) = co. Then f7 is also injective. By Lemma [2.13] S**! — f+(Sn)
consists of two components and the point oo is in the boundary. Since the point co is in the
boundary of each component, we can always find a sequence {x;} C R"*! = S"*1\ {c0} in

each of the components such that x; — oo. Therefore, these two components are unbounded in
RnJrl_ O

Finally, we need the following version of the mean value theorem:

Lemma 2.15. (Cauchy’s Mean Value Theorem) If the functions f,g: [a,b] — R are both con-
tinuous and differentiable on the open interval (a,b), then there exists some ¢ € (a,b), such
that

3. SIGNED SUPPORTS WITHOUT SINGULAR ZEROS

In this section, we give a necessary and sufficient condition on the signed support (A, ) such
that the signed reduced A-discriminant V 4. is empty. Building on this result and Theorem
m, we give conditions on (A, ) such that for all ¢ € RA the hypersurfaces Z(f.) have the same
isotopy type (Theorem . First, we start with a simple observation.

Proposition 3.1. Let A = {a1,...,an1+1} € R™ be a set of exponent vectors and € €
{£1Y R+ be a fized sign distribution. Let A the matriz defined in ().

(a) If ker(A) NRIHFH = ker(A.) N REFFT = 0, then for all c € RVFFHY the critical system
does not have any solution x € R™.

(b) If ker(A.) NRYFFTY £ 0, then there exists ¢ € RITE+Y such that the critical system has
a solution x € R™.

Proof. Part (a) follows directly, since for any ¢ € R?*¥*1 and any solution x € R" of , we
have diag(c)(e®®)._, i1 € ker(4) N RPFFHL

If v € ker(A.)NRZ{* then for ¢ = diag(¢)v, the point z = (0,...,0) is a solution of (). O

In the following, we interpret the conditions in Proposition [3.1] in terms of the geometry of
the support A and the sign distribution . An affine hyperplane is a set of the form

Hoa:={peR"[v-p=a},
for some v € R™\ {0} and a € R. Each affine hyperplane defines two half-spaces
Hyo={neR" |v-p>a}, Hy,={ne€R"|v-p<a}.
Following [8], we call H, , a separating hyperplane of (A, e) if
(13) Ay CHy,, and A-CH,,.

A separating hyperplane H,, is called non-trivial, if at least one of the open half-spaces
int(H,,), int(#,,,) contains a point of .A. A non-trivial separating hyperplane is called very
strict if H, , does not contain any point in A. For an illustration of separating hyperplanes, we
refer to Figure

Proposition 3.2. A signed support (A,e) has a non-trivial separating hyperplane if and only
if ker(Az) NREFFTL = (0, where A € ROHEDX(HEHD) denotes the matriz from (6).
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FIGURE 3. The hyperplane H,o with v = (0,0,1) is a non-trivial separating
hyperplane of Ay = {(1,0,0)7,(2,2,0)7,(0,2,0)",(1,1,1)T} (depicted as red cir-
cles) and A- = {(0,0,0)7,(2,0,0)",(1,1,-1)"} (blue dots). For the face F =

Conv ((O,O,O)T, (0,0,2)T) (marked by thick line segment), the restricted signed sup-
port Agy = {(1,0,0)"}, Ap_ = {(0,0,0)7,(2,0,0)"} does not have any non-trivial
separating hyperplane.

Proof. By Stiemke’s Theorem [27] (which is a version of Farkas’ Lemma, see also [35, Section
6.2]), exactly one of the following holds. Either there exists w € R™™! such that

(14) Alw >0,

and at least one of the inequalities is strict, or there exists u € ]R;”ng such that

(15) Acu =0,

but not both. Condition is equivalent to ker(A;) N R;”gkﬂ # (). Note that one can rewrite
([14) as

gi((wa, ..., wny1) - ) > gi(—w),
for all oy € A. Thus, if such a w exists, then H, , with v = (w2, ..., wy41), @ = —w; is a non-
trivial separating hyperplane of (A, ¢). On the other hand, if H, 4 is a non-trivial hyperplane of
(A,e), then w = (—a,v) satisfies ([14). O

Theorem 3.3. Let (A,¢) be a signed support with Gale dual matrizx B. Then V4. = 0 if
and only if (A,e) has a non-trivial separating hyperplane. Moreover, V 4. = 0 if and only if
I'.(A,B)=10.

Proof. From Proposition it follows that V 4. = 0 if and only if ker(A.) N R’;‘ng = (), which
is equivalent to the existence of a non-trivial separating hyperplane of (A, e) by Propositon
The second statement follows from the definition of the signed reduced A-discriminant, since
T.(A,B) = BT Log|V.4.|. O

For fixed set of exponent vectors A C R", using the correspondence between hyperplane
arrangements and zonotopes, one derives a bound on the number of sign distributions for which
(A, e) does not have a non-trivial separating hyperplane.

Proposition 3.4. Let A = {aq,...,anipr1} € R"™ be a finite set such that dim Conv(A) = n.
The number of sign distributions ¢ € {£1}"T*+1 for which (A, e) does not have a non-trivial
separating hyperplane is bounded above by:

k—

7=

—_
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Proof. Let A the matrix defined in (). By Proposition the signed support (A, e) does not
have a non-trivial separating hyperplane if and only if ker(A) N RZTA+1 =£ (). So all we have to
do is to count how many orthants RZ*+1 ker(A) intersects.

The assumption dim Conv(A) = n implies that dimker(A4) = k. Let B € R"HF+1xF he Gale
dual to A and denote by Bj, ..., Byik+1 the rows of B. By [I1, Lemma 0.16] (see also [35,
Corollary 7.17]), the orthants R?*+1 that im(B) = ker(A) intersects, correspond one-to-one to
the vertices of the zonotope

[~Bi1, B1] + - + [~ Bniks1, Borra] C R
By [12], Table 2.1] (see also [34]) such a zonotope can have at most

k—1
n+k
2
% (")
=0
many vertices. O

We finish the section by characterizing signed supports for which all corresponding hypersur-
faces have the same isotopy type.

Theorem 3.5. Let (A, ¢) be a signed support. If for all faces FF C Conv(A) the signed support
(Ap,er) has a non-trivial separating hyperplane, then for all ¢ € Rg“ the hypersurfaces Z(f.)
have the same isotopy type.

Proof. From Theorem [3.3]follows that the signed reduced A-discriminants associated to the faces
F C Conv(A) are empty. Thus, all the hypersurfaces Z(f.), ¢ € RZ have the same isotopy type
by Theorem O

Corollary 3.6. If a signed support (A,e) has a very strict separating hyperplane, then the
hypersurfaces Z(f.) have the same isotopy type for all c € Rf.

Proof. It H, 4 is a very strict separating hyperplane of (A, ¢), then it is also a very strict sep-
arating hyperplane of (Ap,ep) for all faces F' C Conv(A). Now, the statement follows from
Theorem [B3.5 O

Example 3.7. The signed support (A, ¢) from Example has a very strict separating hyper-
plane. Thus, by Corollary all hypersurfaces Z(f.), c € ]Rg‘l have the same isotopy type. From
Theorem [2.2] follows that this isotopy type agrees with the isotopy type of the signed tropical
hypersurface Trop, (A, k) for every generic h € RA. We refer to Figure (b) for an illustration
of Trop.(A, h) with h = (5,4,4,5,5).

Remark 3.8. If a signed support (A, €) has a non-trivial separating hyperplane, it might happen
that for one of the faces F' C Conv(.A) the restricted signed support (Ap,er) does not have
a non-trivial separating hyperplane. For such an example, we revisit the signed support from
Figure The face I = Conv((0,0,0)",(2,0,0)"), contains two negative exponent vectors
a1 = (0,0,0)T, a0 = (2,0,0) " and one positive exponent vector az = (1,0,0)". Since as lies in
the relative interior of Conv(ai, a2), it follows that {1, ae} and {as} cannot be separated by
an affine hyperplane.

4. A-DISCRIMINANTS WITH TWO SIGNED REDUCED OUTER CHAMBERS

The goal of this section is to describe conditions on the signed support (A,¢) that ensure
R¥\T. (A, B) has at most two connected components, which are both unbounded. In Section
we focus on the case where A has exactly n+ 3 exponent vectors. We show that the complement
of I'.(A, B) has at most two chambers if the parametrization map EB,E has at most one critical
point (Proposition . It is known that 5375 can have at most n critical points [24], however
there did not exist any known example in the literature where this bound is attained. In Example
we describe a family of signed supports such that 5375 has n critical points for every n € N.
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In Section we investigate the relation between critical points of EB,E and degenerate
singular points of Z(f.) , and show that if Z(f.) has no degenerate singular point for all ¢ € R4
and the codimension of A is 2, then R¥ \ T.(A, B) has at most two connected components
(Theorem . In Section we give several conditions on the geometry of the signed support
(A, ¢) precluding the existence of degenerate singular points in Z(f.), ¢ € RA.

During the whole section, we assume that the Gale dual matrix B € R(tF+1)xk ig chosen in
a way such that its last row has the form (0,...,0,—1) (cf. Remark [2.10).

4.1. Critical points of the signed reduced A-discriminant. Let A = {a1,...,ap 111} C
R™ be a set of exponent vectors such that dim Conv(A) = n and fix a sign distribution
e € {£1}"FHL Let A € RFUx(+k+D) he as given in (6) and choose a Gale dual ma-
trix B € RHFHDXE with rows By,. .., Bpyxs1 such that its last row has the form By 1 =
0,...,0,—1).

Let £p. be the parametrization map of I'.(A, B) as defined in (11)). Following [I, Section
1.2], we call a point u € RF~1 a critical point of g if €5 -(p) is well-defined and the Jacobian
matrix JEB@ (1) does not have full rank, that is, it has rank strictly less than k& — 1.

Lemma 4.1. Let (A, ) be a signed support with Gale dual matriz B, and let 53,5 be as defined
m . Then for each 1 € R¥1 where EBe is defined, we have the following equality for the
Jacobian matriz

(16) e, (1) = BT diag (ﬁ)B
where B denotes the matriz obtained from B by deleting its last column.

Proof. By definition (cf. (TI)), the j—th coordinate of {p . is given by

~ n+k+1
(Epe(w), = > log|Bi- B,
i=1

where i = [’le] . Thus, the partial derivatives of & B, have the form
(17) a(gB,s(M))j . n_‘—zkfl Bz‘,jBi,é

Ot ~ Bi-p
forall j=1,...,k,and £ =1,...,k—1. Comparing with the entries of the right-hand side
of the result follows. O

Using Lemma an easy computation shows that
T AT 1) 7 TH
(18) il e, (1) = <Bu> diag (m)B —1"B=0.

Therefore, if & B, is differentiable at p, then a normal vector at 3 Be(p) is given by i = [ﬂ

This statement was proven by Kapranov [19, Theorem 2.1].
In the remaining of the section, we focus on the case kK = 2. Under this assumption, we have
T 3 1
Je () — by diag { 5z |01
B by diag ( g5 )1
where by, by denote the first and second column of the Gale dual matrix B.
Lemma 4.2. Let (A,¢) be a signed support of codimension 2 with Gale dual B € ROH+3)%2 " g
let {B,e be as defined in . For p € R\ {0} the following are equivalent.

(i) w is a critical point of p ..
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(ii) sign(Bfi) =€ and p is a zero of the univariate polynomial

n+3

(19) as () = ([T (Bii)b] diag (7 ).

1=
(iii) sign(Bfi) =€ and u is a zero of the univariate polynomial

n+3

(20) as(n) = (T[] (B )b diag (57 )br.

i=1
Moreover, qp has degree at most n and 5_376 has at most n critical points.

Proof. Note that &g .(u) is defined only if sign(Bji) = e. Furthermore, the factor Hn+3( Bj);
clears the denominator of b, diag ( )b1 and of by diag ( >b1 Moreover, H"+3( Q)i # 0 if
sign(Bfi) = e. From (18]) follows that

ubT diag ( )b1 —bT diag ( )b1

Thus, Jg, (1) = 0 if and only if gg(n) = 0, which is also equivalent to gp(u) = 0.
The polynomial g has been studied previously in [24], where it has been shown that its
degree is at most n. (Il

In [24, Theorem 3.10], the author constructed several matrices B € R(™3)*2 such that ¢p(u)
has exactly n real roots. However, these roots correspond to different sign distributions €. To
show that the bound on the critical points of 5_3,5 in Lemma is attained, one needs to
construct B € R3)%2 guch that ¢p (or ¢p) has n real roots u, ...,y such that sign(Bjiy) =

- = sign(Bji,) = ¢ for some fixed € € {£1}. We provide such a construction in the following
example.

Example 4.3. Let n € N and let puq,...,u, be distinct positive numbers different from 1.
Consider the univariate polynomials f(u) = (u — p1)(p — p2) -+ (0 — pn), g(p) = (1 + p1)(p +
p2) - (i + pn)(pp+ 1) € Rlp]. Since deg(f) = n < deg(g) = n + 1, the fraction % admits a
partial fraction decomposition:

(21) (= pa)(p = p2) - (1 — pin) __w T az N an an+1,
(+p)(p+p2) - (ptpa)(p+1) gt ptpe ot g+l
where ay,...,an+1 € R. The a;’s satisfy the following properties:
a a a a
(1) 71+72+73+...+7"+an+1:(f1)”7
Hro B2 M Hn

(2) a1 +az+---+apnt1 =1
(3) a; #0,i=1,...,n+ 1.
Property (1) follows by plugging in p = 0, (2) follows by comparing the leading coefficients of
numerators on both sides, (3) follows by comparing the degree of denominators on both sides.
We use the a;’s to build the matrix:

a a2 a3 .. Gn _1)yn+l T
B=|m p m pn Ontl (=1) 0
ay a2 az - Ap  Qp+1 0 -1

Properties (1) and (2) imply that 1T B = 0, thus it is possible to choose a matrix A €
RHDX(n+3) a5 in @ such that B is its Gale dual. Denoting by b1,bs the columns of B,
we have:

2 2 2 2

a3 a a3 an a2
b) dia (%)b _ Wy B B e ntl
2B T T e Bt Lt an | Gnift gt
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The right-hand side of this equality agrees with the right-hand side of , as the a;’s are

nonzero. Therefore, the zeros of ¢p(u) = b; diag (B%))bl are 41, ..., fhn. Since pi,..., [y are
positive, it follows for all 4 = 1,...,n that

sign(Bji;) = (sign(ay),sign(as), . .., sign(a,y1), (=1)", 1) =
We conclude that ¢, B, has n critical points using Lemma

Let n = 4 and pick pu; = 5,40 = 6,3 = T,uqg = 8. We

have
(—=5)(pp—6)(n—7)(p—8)

(+5) (1 +6)(n+7)(pn+8)(pn+1)

—715 242 o730 1040 2B

= +

p+5 p+6  pu+7 p+8 p+1
and

2002 18 T

p_[-143 22 300 130 B -1 0

T =TI @ —-2730 1040 ¥ 0 -1

By the above, the map f_B’E has 4 critical points for
e = (-1,1,-1,1,1,—-1,—1). The signed reduced A-
discriminant is drawn to the right and its critical points
are highlighted by red circles.

In Example (cf. Figure b)), we saw that the complement of I'.(A, B) has three con-
nected components if {g. has 2 critical points. In the following, we show that if {g. has at
most one critical point, then R¥ \ I'.(A, B) cannot have more then two connected components.
Before we get to this result, let us prove the following lemma for self-intersections of curves.

Lemma 4.4. Let ¢: R — R? be a smooth map such that the Jacobian matriz J,(u) has full
rank for all i € R except for at most one point. Let S C R? be the curve parametrized by ¢. If
there exist two distinct points a,b € R such that p(a) = p(b), then there exist two distinct points
1, 2 € R such that the tangent lines of S at p(u1) and at ¢(pe2) are parallel.

Proof. Denote 1, @2 the first and the second coordinate of ¢. Suppose a < b, and assume there
exists ¢ € R such that ¢/ (t) = ¢4(t) = 0, that is, J,(t) does not have full rank. We start by
choosing ¢ € R such that a < ¢ < b, p(c) # p(a) and ¢ is smooth on both intervals (a,c) and
(c,b). If t < aort>0b,such c exists since the Jacobian matrix J, has full rank on (a,b). If
a <t <band p(t) = p(a), then the curve is smooth on the interval (a,t), and we pick a c as
before. Finally, if a < ¢t < b and ¢(t) # ¢(a), then we choose ¢ = t. If ¢ does not have any
singular point, then we pick ¢ as in the case t < a or t > b.
By Lemma on the interval (a,c), there exists some p; € (a,c) such that

(p1(c) = @1(a)) (1) = (wa(c) — p2(a))@h ().

Similarly, on the interval (c, b), there exists some s € (¢, b) such that
(e1(c) = p1(0)#a(k2) = (¢2(c) = 2()# (2).
Thus, since p(a) = ¢(b) and ¢(c) # ¢(a), we have

@1 (1) @5 (12) = @ (12) @5 (1)

and hence the tangent lines at u1, uo are parallel. O
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Remark 4.5. Lemma [£.4]is not true for hyper-
surfaces in R™ when n > 3. The surface given
by ¢: (t,5) > (e7*(t? — 1),e 5t(t> — 1),s) is a
counterexample for n = 3. The map ¢ is not
injective but there are no pairs of points with
parallel tangent planes. The image of ¢ is shown
on the right.

Now we are able to prove the following result bounding the number of connected components
of RF\ T'.(A, B).

Proposition 4.6. Let (A, &) be a full-dimensional signed support of codimension 2 with Gale
dual matriz B € RO3)x2 If 5375 has at most one critical point, then the complement of
the signed reduced A-discriminant T'c(A, B) has at most two connected components, which are
unbounded.

Proof. Recall that for p € R, we used the notation i = [M . If (A, €) has a non-trivial sepa-

1

rating hyperplane, then I'.(A, B) = () by Theorem [3.3] Thus, R* \ T'.(A, B) has one connected
component. If (A4, ¢) does not have a non-trivial separating hyperplane, then from Proposition
follows that there exist w1, ue € R such that sign(Bji;) = sign(Bjiz) = €. By , f11 and
fi2 are normal vectors at £p.(u1) and at {p.(u2) respectively. If the tangent lines at {p . (u1)
and at 5_376(;12) are parallel, then i1 = Ao for some A € R\ {0}, which implies that u; = uo.
This shows that there is no pair of points in I'.(A, B) with parallel tangent lines.

Lemma implies that 53,5 is injective. Also, f_B,s maps an open interval of R to R?, and
3 B.e(p) = 00 as p approaches the endpoints of the interval. Therefore, 3 B,e is proper by Lemma
and the complement of I';(A, B) only has two outer chambers by Corollary O

4.2. Critical points and degenerate singularities. Let f. be an exponential sum as in . A
singular point = € Sing(f.) is called degenerate if the Hessian matrix Hessy, () is not invertible.
We have the following relationship between critical points of the signed reduced A-discriminant
and degenerate singular points in the corresponding hypersurface.

Lemma 4.7. Let (A, ¢€) be a full-dimensional signed support with Gale dual matriz B € R +k+1)xk

_ *
If i* € RF=1 is a critical point of {Be, then for ¢* = B [,ul } , the point x* = (0,...,0) € R™ is

a degenerate singular point of fe.

Proof. Since diag(c* (eai'$*>

of fox (cf.). Thus, we only have to show that it is a degenerate singular point. Let ¢ denote
the Horn-Kapranov Uniformization map (§8]). From [0, Theorem 3.4, Theorem 3.5], it follows
that z* is a degenerate singular point if

=B [,ul ] € ker(A), we have that 2* is a singular point

(22) tk Jy (A", 2") <n+k—1,
*
where 1* = ,ul
We prove (22) in two steps. First we show that
(23) rk Je, (017) = 1k JEB,E (1™).

To see this, a similar computation as in shows
Jeu (i) = BT diag (5= ) B.
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Thus, the first & — 1 columns of Je, (4*) and Jg, (u*) are the same. To show that the two
matrices have the same rank, it is enough to show that the last column of Je, _(ji*) is contained
in the linear space spanned by the columns of Jg, (1*), which holds since

BT diag (BE*)B[L* = BT1=0,

where the last equality holds since BT AT = 0 and the first column of AT equals 1. This shows

3).
In the second part of the proof, we show . Using that the diagram commutes and
the chain rule, we have

JBTOLog|~|01/;(/l*7x*) - JfB,eOPI“k (/l*,x*) - JfB,a (IU’*)JPTJC (ﬂ*,flf*)
Using and that rk Jy,,, (4%, 2*) = k, it follows that

1k JpToLogljou (A5 2") =1k Je, (0) =1k Jg, (1) <k —2,

where the last inequality holds since u* is a critical point of {p ..
Using again the chain rule

‘]BToLog|-|ow(ra*7 x*) = BTJLogH(w(ﬂ*a J"*))JI/J(:&’*? .%‘*)

Note that B' has rank k and Jrog)-|(¥(1*, %)) is a diagonal matrix with non-zero diagonal
entries. Thus, rk BTJLOg|_‘(¢(,&*, x*)) = k. From Sylvester’s rank inequality follows that

rkBTJLog\-|(w(ﬂ*7x*)) +rk Jw(ﬂ*,x*) - (TL +k+ 1) <rk JBToLog|-\ow(/l*a x*) <k-2,
which imples (22)). O

Proposition 4.8. Let (A, ¢) be a full-dimensional signed support with Gale dual matriz B. If
for all ¢ € ]Rf, all singular points of Z(f.) are non-degenerate, then {p. does not have any

critical point.
Proof. The statement is a direct consequence of Lemma |4.7] ]

Theorem 4.9. Let (A, ¢€) be a full-dimensional signed support of codimension 2 with Gale dual
matriz B. If for all ¢ € R2, all singular points of Z(f.) are non-degenerate, then the complement
of the signed reduced A-discriminant T'z(A, B) has at most two connected components, which are

unbounded.
Proof. The statement follows directly from Proposition [£.6] and Proposition [ O

4.3. Signed supports without degenerate singular points. Now, we show that for certain
signed supports (A, €), the singular points of the hypersurfaces Z( f.) are non-degenerate singular
for all c € R4 .

We call a pair of parallel affine hyperplanes Hy 4, Hyp € R™ (a > b) enclosing hyperplanes of
the positive exponents Ay if

AL CHy OHE, and A CR™\ (int(H,,) Nint(H],)).

Enclosing hyperplanes H, q, H, » are strict enclosing hyperplanes of A, if additionally int(?-[j’ N
A_ # 0 and int(H, ,)NA_ # 0. We define strict enclosing hyperplanes of the negative exponents
A_ in a similar waif. For an illustration, we refer to Figure [4]

Our first statement concerns exponential sums in two variables.

Theorem 4.10. Let (A, ¢) be a full-dimensional signed support in R? and assume that both A,
and A_ have a pair of strict enclosing hyperplanes. Then

(i) for every ¢ € RZ and x € Sing(f.), the Hessian matriz Hesss,(z) has a positive and a
negative eigenvalue.

(ii) If A consists of 5 exponent vectors, then the complement of the signed reduced A-
discriminant I'.(A, B) consists of at most two connected components.
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Proof. Let Hya, Hop (resp. Hoypa', Huwy) enclosing hyperplanes of Ay (resp. A_). Using an
affine change of coordinates as in Proposition 2.3] we assume without loss of generality that
v=(1,0)T,w=(0,1)T.

For z* € Sing(f.) consider the univariate exponential sums:

24+k+1
fc,m*,v: R +— R’ S fc,m*,v(s) = Z Ci@ai'(x +5sv)
i=1

24+k+1
fc,m*,w: R +— R’ S fc,m*,w(3> = Z Cieai.(x +sw)_
=1

By construction it holds:

(24) 0= fc(x*) = fc,:c*,v(o) = fc,a:*,w(o)-

By denoting aq i, a2, the first and the second coordinate of the vector «;, it is easy to check
that

afc T* v (g ok afc o n+k+1 .
= (s) = Z Ciaueaz'(x +sv)’ T (5) = Z Cia2,iealh(x +Sw)’
aS Pl 88 s
It follows that
Ofecyar v Ofc ( « Ofe.o w Ofc,
2 ZJexm v _ _ IJez* w _ 9fe _
(25) 95 0 =5 =0, 5o (0) = 5o =0,

since z* € Z(f.) is a singular point. Combining (24),(25]), we have that 0 is a root of fg =
(resp. feaw) of multiplicity at least two.

The condition that H,q, Hyp (resp. Huya, Huwp) are strict enclosing hyperplanes of Ay
(resp. A_) implies that both exponential sums have at most two sign changes in their coefficient
sequence. Since Descartes rule of signs is valid for polynomials with real exponents [32], one
can extend the result to exponential sums. Using Descartes rule of signs, it follows that the
multiplicity of 0 is exactly two for both f. .+, and f. . . Furthermore,

fearw(s) <0 and  fezxw(s) >0 for all s # 0.
So 0 is a local maximum of f. .+, and a local minimum of f. z« ,,. Therefore

82fc 82fc,r*,v 82fc a2fc,m*,w
0z} (z) = 0s2 (0) <0, 0z3 (z) = 0s2

which implies that

(0) >0,

dot(Hessy (o)) = 202(@") T Lo (@) — (S )) <0

- 022 ox2 0x10x2
Thus, Hessy, (2*) is invertible and must have a negative and a positive eigenvalue.

If A contains 5 exponent vectors, then the codimension of A is 2. Since all singular points of
Z(f.) are non-degenerate for all ¢ € R2 by (i), part (i) follows from Theorem O

The next condition on the signed support that precludes the existence of degenerate singular
points is valid for every number of variables n. Specifically, we require that there is only one
exponent vector with negative sign.

Theorem 4.11. Let (A, e) be a full-dimensional signed support with Gale dual B such that
#A_ = 1. Then we have

(i) for all c € RZ and = € Sing(f.) the Hessian matriz Hessy, () has only positive eigenval-
ues.

(ii) If (A,e) has codimension 2, then the complement of the signed reduced A-discriminant
I'.(A, B) consists of at most two connected components.
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+ —
| HeoNHy s

FIGURE 4. An illustration of strict enclosing hyperplanes. Consider the signed exponent

vectors A, = { [8} , [g} , [g} } (depicted by red circles) and A_ = { {_21] , [_42} }
(depicted by blue dots). The hyperplanes H, 3, H, o with v = (1,0) are strict enclosing
hyperplanes of A, . The negative exponent vectors .A_ also have a pair of strict enclosing
hyperplanes given by Hy 1.2, Hu,1.2 with w = (0.8,1).

Proof. Write Ay = {a1,...,an4+k} and A_ = {ay4x+1}. Using Proposition we assume
without loss of generality that a,+r+1 = 0. Under this assumption, the Hessian of f. at = €
Sing( f.) is given by

n+k
(26) Hessy, (x) = Y (e*7ci)a; - af = Adiag ((€™7¢;)iz1,..n1x)) AT,
i=1
where
A= [al an+k] € R (k)
Since the affine hull of a1, . . . , a1 has dimension n and oy, 1,11 = 0, it follows that rk(fl) =n.
Since e“*¢; is positive for i = 1,...,n + k, their square root is a real number. This gives

Hessy, (z) = (fl diag ((\/eai"”ci)i:17,,,7n+k)) (121 diag ((\/eai“ci)izlvwnJrk)))T
and as A has full rank
rk (Adiag ((*7¢;)iz1,. nik))A") = rk(Adiag (Ve ¥¢;)iz1, . ntk))) =1k A = n.

Thus, Hessy, () is positive semi-definite and of full rank, which implies that all of its eigenvalues
are positive. This shows (i).

Since all singular points of Z(f.) are non-degenerate for all ¢ € R4, part (ii) follows from
Theorem 4.9 O

Our final condition on the signed support, precluding the existence of degenerate singular
points in the hypersurfaces Z(f.), requires the positive and negative exponent vectors to be
separated by a simplex, as follows. We recall the definition of the negative vertex cone of a
simplex from [8, Section 4]. For an n-simplex P C R™ with vertices po, ..., tn, the negative
verter cone at vertex uy equals

P=F = e+ Cone (px — po, -+, ftke — fin)-

We write P~ for the union of P=0, ..., P~ We refer to Figure [5| for such a simplex and its
negative vertex cones in the plane.

Theorem 4.12. Let P C R"™ be an n-simplex and let (A, ¢€) be a signed support in R™ with Gale
dual matriz B such that A C P, A_ C P, and ANint (P U P_) # (). Then
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FIGURE 5. A simplex P = Conv((0,0),(3,0),(0,3)) separating the signed ex-

ponent vectors A = 8} , [(?j , [ﬂ} (marked by red circles) and A_ =

{ [_51} : [_51] : {:ﬂ , {_ﬂ } (marked by blue dots).

(i) for all ¢ € R and all singular points € Sing(f.) the eigenvalues of Hessy, () are
negative.

(ii) If A has codimension 2, then the complement of the signed reduced A-discriminant
I'.(A, B) consists of at most two connected components.

Proof. Note that the negative vertex cones are preserved under affine transformation of P, see
e.g. [8, Lemma 4.5]. Thus by Proposition we can assume without loss of generality that
P = Conv(0,eq,...,en).

Denote Exp: R" — R%; and Log: RZ; — R" the coordinate-wise exponential and logarithm
maps. From [21, Theorem 7], it follows that the Hessian of the function

ntk+1
feoLog: RYy - R, y+— Z ciy™
i=1

is negative definite for all y € RZ,. If x € R" is a singular point of f., then from [25, Corollary
1] it follows that

-
Hessy, () = Hessf.oLogo mxp() = (Jxp(¥))  Hess,oLog (Bxp (7)) Joxp ().
Thus, all the eigenvalues of Hessy, () are negative by Sylvester’s law of inertia [22, Chapter 7].

In particular, all singular points of Z(f.) are non-degenerate for all ¢ € RA. Part (ii) follows
from Theorem [£.9] O

Using Theorem and Theorem we give conditions on the signed support (A, €) such
that all possible isotopy types of Z(f.), ¢ € Rf are given by some signed tropical hypersurface
(cf. Theorem [2.2)).

Corollary 4.13. Let (A, e) be a full-dimensional signed support of codimension 2 with Gale
dual B such that either #A_ =1 or Ay and A_ are separated by a simplex as in Theorem[].12
If for each proper face F C Conv(A) the restricted signed support (Ap,er) has a non-trivial
separating hyperplane, then for each smooth hypersurface Z( f.) with ¢ € Rg“ there exists h € RA
such that the signed tropical hypersurface Trop.(A, h) and Z(f.) have the same isotopy type.

Proof. In both cases, the complement of I';(A, B) has at most two connected components by
Theorem or Theorem Since (A, er) has a non-trivial separating hyperplane for every
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proper face F' C Conv(A), we have V 4, ., = () by Theorem From Theorem follows that
the hypersurfaces Z(f.) with ¢ € Rg“ have at most two different isotopy types.

First, we focus on the case #.A4_ = 1. Assume with out loss of generality that A_ = {43}
If o, 43 is contained in the boundary of Conv(.A), then there exist a hyperplane H, , € R™ such
that a3 € Hyq and A C H,, (cf. [I7, Corollary 2.5]). Thus (A, ) has a non-trivial separating
hyperplane, which implies that all Z(f.) with ¢ € ]Rg“ have the same isotopy type by Theorem

If a3 € int(Conv(A)), then choose a generic h € RA =2 R™3 such that h, 3 > h; for
i=1,...,n+2. By construction, we have Trop,(A, h) # 0 and Trop.(A, —h) = (). By Theorem
there exist c1,ca € R4 such that Z(f.,) and Z(f.,) are isotopic to Trop.(A,h) and to
Trop, (A, —h) respectively. Since the number of possible isotopy types is at most two, it follows
that the possible isotopy types are given by Trop.(A, h) and Trop, (A, —h).

Next, we consider the case when A, and A_ are separated by a simplex P C R". If one of
the negative simplex cones P~0, ..., P7" does not contain any positive exponent vector, then
(A, €) has a non-trivial separating hyperplane and all Z(f.) with ¢ € R2 have the same isotopy
type by Theorem If P~*N AL #( for each i = 0,...,n, then a similar argument as above
shows that there exists two signed tropical hypersurfaces wich are not isotopic to each other.
This concludes the proof. O

5. BIVARIATE 5-NOMIALS

For bivariate 5-nomials, the signed reduced A-discriminant has at most 2 critical points by
Lemma If there is only one critical point, then R¥ \ T'.(A4, B) has a simple structure, it
has at most two connected components, which are both unbounded (cf. Proposition . In
this section, we give a complete description of the geometry of the signed support of a bivariate
5-nomial whose signed reduced A-discriminant has two critical points. In our experiments, if
the signed reduced A-discriminant had two critical points, then its complement had a bounded
chamber. We conjecture that this is always true, however we do not have a proof of this statement
nor a counter example.

Conjecture 5.1. Let (A, ) be the signed support of a bivariate 5-nomial and let
épe: {u € R |sign(B [’ﬂ) =¢e} — R?

be the parametrization map of T'-(A, B) as defined in . If 5375 has two critical points, then
the complement of T'-(A, B) has an inner chamber.

Given a 2-simplex P = Conv(uo, ft1, p2), denote by My do, Hoy,dy» Hus,do the supporting hy-
perplanes of the facets of P. We choose these hyperplanes such that

P=H' nNH"  NnH

vo,do v1,d1 v2,d2

and p; ¢ H,, 4, for each ¢ = 0,1,2. The complement of the union of the hyperplanes .y, 4y, Moy dy > Hos,do
has 7 chambers. One of these chambers is the simplex P. Three other chambers are the negative
vertex cones PO, P! P~2 as introduced in Section For these chambers we have

2
(27) ri= My og OHE 40 fori=0,1,2,
=0,j#i
The three other chambers in the hyperplane arrangment can be written as

2
(28) rHi= Mg NHy e fori=0,1,2,

vj,
=0.j#i
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For i # j € {0,1,2}, we define the subset of P

2
i . + - -
(29) Pt = ﬂ H%dj n Hvi»di mijﬂj’
7=0,j#i
where D; := v, - u; > d;. For an illustration of these chambers, we refer to Figure @

In the following lemmata, we focus on the special case when P is the standard 2-simplex
As = Conv((0,0)7,(1,0)7,(0,1)7) and

0] |1| |0 T1| |x2
30 Ay = { ) 5 }7 A= { 5 }
30) ' [0] M [1] nl’ v
Afterward we extend the results to the general case in Theorem Choose a Gale dual matrix

corresponding to the exponent vectors in as

1—x1—y1 1—$2—y2

T T2
(31) B = (1 Y2
-1 0
0 -1

With that choice of the Gale dual matrix, the polynomial from is a quadratic polynomial
qp(t) := at® + bt + ¢, where

a:=-x1y1 (1 —21—v1),
229 2.9, 2 2 2 2
(32) b= —xiy5 + 2x1T2y1Y2 — T3Yy + T1Y2 + Y3 T1 + T3Y1 + Y1 T2 — T1Y2 — T2Y1,
c:=—xay2 (1 — 22 — 12) .

A point t € R is a critical point of g, ¢ = (1,1,1,—1 — 1) if and only if gg(t) = 0 and it
satisfies the inequalities:

(33) (l—xl—yl)t+1—x2—y2>0, Tit+22 >0, yit+y2>0, t>0.

Lemma 5.2. Let Ay, A_ be the set of exponent vectors as defined in and let B the corre-
sponding Gale dual matriz from . If

(i) a4 € Ay and a5 € AT for some i € {0,1,2}, or
(i) a4 € A" and az € A" for some i € {0,1,2},
then EB,E has at most one critical point.

Proof. Let a,c denote the coefficients of ¢ as in (32). Both in case (i) and (ii), we have
a < 0, ¢ > 0, which implies that ¢gp has at most one sign change in its coefficient sequence.
From Descartes’ rule of signs, it follows that gg has at most 1 positive real root. By , every
critical point of & B, is a positive root of gp. Therefore, 3 B, has at most one critical point. [J

Lemma 5.3. Let A, A_ be the set of exponent vectors as defined in and let B the cor-
responding Gale dual matriz from . If ay € int(Az) and as € int(A;’), then £p . has one
critical point.
Proof. The inequalities in is equivalent to M := max{_x—’i?, _y—gf} < t. Note that M > 0,
The number of critical points of & B, is the same as the number of roots of ¢gp in the interval
(M, 00).

Let a, ¢ denote the coefficients of gg as in . Under the assumption of the lemma, we have
a < 0 and ¢ < 0. Thus, gp has 0 or 2 sign changes in its coefficient sequence. By Descartes’
rule of signs ¢gp has at most two positive roots. Moreover, if gg(M) > 0, then gp has exactly
one root in the interval (M, co).
Evaluating ¢p at _x—? or at %2, depending which one is larger, we used the Maple function
IsEmpty and the Mathematica function Reduce, to verify that ¢g(M) > 0. Thus, ¢p has exactly
one root in the interval (M, co), which concludes the proof. [l
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Lemma 5.4. Let Ay, A_ be the set of exponent vectors as defined in , let B the corre-
sponding Gale dual matriz from and let a,b,c defined in . Assume ay € int(A,J[’l)
and oy € int(AqJ{’2). The map g has two critical points if and only if ay € int(P™12) and
as € int(PH21) and the coordinates of ay and s satisfy the following inequalities:

b2 — dac >0
(34) b2 — dac < (2roy1 (1 — 21 —y1) + b)2, 0<2xoyn(1—21—1y1)+0b
b2 — dac < (2x1y2(1 — 21 —y1) + b)2, 0> 2x1y2(1 — 21 — y1) + 0.

Proof. If relint(Conv({ay, as}) N relint(Ay) = (), then A, and A_ can be separated by an
affine hyperplane [I4, Section 2.2, Theorem 2] and therefore I'.(A, B) = () by Theorem In
particular, I'-(A, B) does not have any critical point.

If relint (P)Nrelint(Q) # 0, then there exists a pair of strict enclosing hyperplanes of A_ ,which
are parallel to the affine hull of oy and . If additionally a5 € int(A?) \ int(A}>"), then by
perturbing the hyperplanes H., o, He,,1 We get strict enclosing hyperplanes of A,. Thus, from
Proposition and Theorem it follows that ¢, B,e does not have any critical point.

A similar argument shows that £g . does not have critical points if as € int(A D \int (A1),
This shows that to get a critical point of &, B, the negative exponent vectors must satisfy ay €
int(A1?) and a5 € int(AF*"), which is equivalent to

r1<0, O<y1 <1, 1—21—11 >0,
O0<ao<]l, yYy2<0, 1—220—17y2>0.

Assuming these inequalities are satisfied, the inequality y1t +y2 > 0 in implies t > _y—zf > 0,

and ¢ > 0 implies (1 —x; —y1)t + 1 — 29 — y2 > 0. Thus, the first and the last inequalities in
are redundant.
The roots of ¢p are given by

t = —b+vb%2—4ac ty = —b—v/b%2—4ac
- 2a ’ .

= 2a
An easy computation shows that 1 # to and both satisfy the second and the third inequality in
if and only if
b2 — dac >0
b — dac < (2zay1(1 — 1 — 1) +0)%, 0 < 2wopn(1 — 1 —y1) + b
b2 — dac < (2x1y2(1 —z1 — 1) +0)%, 0> 2z190(1 — 21 —y1) + b.
This concludes the proof. Il

Using Lemma Lemma and Lemma [5.4] we characterize the signed support of a
bivariate 5-nomial such that signed reduced A-discriminant has two critical points.

Theorem 5.5. Let (A, ) be the full-dimensional signed support of a bivariate 5-nomial with
Gale dual matriv B € R?*2. The map £g . has two critical points only if # A, = 3, #A_ =2
and dim Conv(A4) =2, or #A, =2, #A_ =3 and dim Conv(A_) = 2.

Assume that Ay = {a1,a2,a3}, A_ = {a4, a5} and P = Conv(A,) has dimension 2. Let
M € R?*2 be an invertible matriz such that M(as —a1) = ey, M(as—a1) = ez and v = —May.
Denote (z1,91)" = Mag+v, (z2,92)" = Mas+v and a,b, ¢ the expressions in x1,y1, T2, y2 from
(32). The map £ . has two critical points if and only if ay € int(PH97) and a € int(PHH7)
fori#j €{0,1,2} and the coordinates of ay and as satisfy the following inequalities:

b? — dac >0
(35) b? — dac < (2zoy1 (1 — 21 —y1) + b)2, 0<22xoyn(1—21—9y1)+0b
b2 — dac < (2z1y2(1 —x1 —y1) + b)2, 0> 2x1y2(1 — 21 —y1) + 0.
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Proof. If all the exponent vectors are positive (resp. negative), then T'.(A,B) = 0. If #4, =1
or #A_ =1, then ¢ B, does not have any critical point by Theorem and Proposition
Thus, in order to have a critical point of &, B, one needs #A, > 2, #A_ > 2.

Write P = Conv (A4 ) and @ = Conv(A_) and assume dim P = dim Q = 1. Since dim Conv(PU
Q) = dimConv(A) = 2, the intersection P N @ is either empty or a point. If relint(P) N
relint(Q) = ), then P and @ can be separated by an affine hyperplane [14, Section 2.2, Theorem
2] and therefore I';(A, B) = 0 by Theorem If relint(P) Nrelint(Q) # 0, then the affine hull
of P (resp. Q) is a strict enclosing hyperplane of A (resp. A_). In that case, we use Theorem
and Proposition to conclude that & B,c does not have any critical point. This shows the
first part of the theorem.

In the rest of the proof, we assume A; = {a1,a0,a3}, A- = {a4,a5} and dim P = 2.

1 1 1

Choose the order of aq, a9, a3 so that det [a o ] > 0. Then there exists an invertible
1 Q2 o3

matrix M € R?*? with positive determinant such that M(as — a1) = e; and M (a3 — a1) = es.
Let v := —May. By construction, the affine linear map

L: R? 5 R% a— Ma+o,

satisfies L(a1) = 0, L(ag) = ey, L(as) = eg and L(P) = Ay. By Proposition we assume
without loss of generality that

A e o |

and choose the Gale dual matrix B as in (31J).

If g, a5 are separated from As by an affine hyperplane, then T'.(A, B) = () by Theorem
If g, a5 € int(Asg), then & B, does not have any critical point by Theorem and Proposition
If ay (resp. as) lies on a supporting hyperplane of a facet of P, then a = 0 (resp. ¢ = 0).
From this follows that gg has at most two monomial terms, so gg has at most one positive root.
Thus, ¢, B, has at most one critical point.

In the following, we investigate the remaining cases:

(I) aq4 € int(A2) and a5 € int(A;’i) for some i € {0, 1, 2}.

(A1) a4 € int(A;") and a5 € int(A;’i) for some 7 € {0,1,2}.

(I1) ay € int(Ap) and as € int(A,") for some i € {0,1,2}.

(IV) a4 € int(AT") and a5 € int(A57) for some i # j € {0,1,2}.
For (I) and (II), Lemma implies that g . has at most one critical point. In case (III), by
rotating the exponent vectors we assume without loss of generality that o € int(A, ’0). Now,
it follows from Lemma that & B, has one critical point. Under the assumption in (IV), we
rotate again the exponent vectors to achieve ay € int(A; 1) and a5 € int(A5 ). This rotation
does not change the number of critical points of {5 . by Corollary We use Lemma to
conclude that & B,e has two critical points if and only if the inequalities in are satisfied. O

A,
Ay

Remark 5.6. Consider the signed support

0 1 0 T xTo
A=l ol B =L

Using the Mathematica function Reduce, we verified that for every fixed (z1,y1) € int(A;’l’Q)
and 0 < 9 < 1, there always exists yo < 0 satisfying the inequalities in . With other words,
for given (1, y1) € int(AF1?) there exists a (22,1s) € int(AJ*") such that g has two critical
points.

In Figure[6] we depicted the region of (z2,y2)’s satisfying the inequalities in for (z1,y1) =
(—0.1,0.3).
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FICURE 6. An illustration of the chambers as defined in ,, for P =
Conv((0,0),(1,0),(0,1)). The red dots denote positive exponent vectors A, =

(ol o

b) O b)
region contains all negative exponent vectors 52} € Pt21 such that ¢, B,e has two critical
2

(1) }7 the blue circle denote a negative exponent vector [_0031} The blue

points.
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